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The top quark was discovered in the Tevatron experiments at Fermilab in 1995. It has the largest mass and, as
a consequence, the strongest coupling to the Higgs boson among the elementary particles in the Standard Model
(SM) of particle physics. This makes the top quark distinct from other quarks and gives it a prominent role in
various physics. In electroweak precision fits, the top quark mass is a critical input among the global fit parameters
owing to its large contributions to radiative corrections. In addition, assuming that the SM can be extrapolated
up to the Planck scale without new physics, the precise value of the top quark mass, together with the Higgs boson
mass, settles whether the SM vacuum is stable or not. Furthermore, in models beyond the SM, predictions often
depend strongly on the value of the top quark mass. For these reasons, precise measurements of the top quark
mass is demanded for tests of the SM and models of new physics.
The top quark mass mt has been measured by the CDF and D0 collaborations at the Tevatron and the
ATLAS and CMS collaborations at the LHC. A recent combined result of measurements at the Tevatron yields
mt = 174.34± 0.37(stat)± 0.52(syst)GeV, which achieves a high precision of 0.37%. However, there is a problem
that the definition of the measured top quark mass is ambiguous theoretically. In the above measurements, the
top quark mass is basically obtained from measuring kinematic distributions of the top-quark final state and
comparing the distributions with theoretical predictions simulated by Monte-Carlo (MC) event generators. In the
MC generators, phenomenological models are used to simulate hadronization processes since the processes are non-
perturbative and cannot be derived from first principles within the framework of perturbative theory. Therefore,
the measured mass using jet momenta and fitting to the MC is hadronization-model dependent. It should be
distinguished from well-defined top quark masses in perturbative theory, such as the MS mass and the pole mass.
Strictly speaking, the measured mass cannot to be used as an input parameter to calculations in perturbative
theory, in spite of its high precision.
The pole mass of the top quark, defined as the pole position of the top quark propagator order-by-order in
perturbative QCD, also involves a diﬃculty. Reflecting the fact that a free quark is not observable, the perturbative
convergence of the quark pole mass is limited to the order of ΛQCD. To avoid this diﬃculty, use of the MS mass,
which improves convergence of perturbative expansions drastically, is favored for various theoretical calculations.
Therefore, a precise determination of the MS mass is desirable. The values of the MS and pole masses of the
top quark have been extracted from measurements of tt production cross section at the Tevatron and LHC. The
results of measurements of the MS and pole masses read mMSt (mMSt ) = 160.0
+5.1
−4.5GeV by the D0 experiment
and mpolet = 172.9
+2.5
−2.6GeV by the ATLAS experiment, respectively. In addition, recently a new method using the
normalized diﬀerential cross section of tt+1-jet events has been proposed and applied to a measurement of the top
quark pole mass. The result yields mpolet = 173.7
+2.3
−2.1GeV, which is the most precise measurement of the top quark
pole mass currently available. These errors are still large compared to the conventional measurements mentioned
above and not favorable for input to theoretical calculations.
In the light of the current status of the top quark mass measurements mentioned above, we intend to realize
a precise determination of the top quark MS mass at the LHC. In order to achieve this goal, we propose a new
method for the top quark mass measurement. This method has characteristics of using only lepton distributions
and primarily being independent of the top quark velocity distribution. Owing to the characteristics, it does not
depend on hadronization processes and parton distribution functions (PDFs) in principle. Thus, with this method,
we can determine the top quark mass based on perturbative QCD and obtain the MS mass of the top quark.
Our new method is based on the “weight function method” which we proposed in Refs. [1,2] aiming at precision
measurements of various physical parameters at hadron colliders. The method uses a characteristic weight function.
The weight function W (Eℓ,m) is a function of the energy Eℓ of lepton ℓ (ℓ = e or µ) and a parameter m which
is supposed to be measured. Typically m is the mass of the parent particle. The function can be calculated
theoretically with knowledge of the decay process of the parent particle. As proven in Refs. [1,2], assuming that
the parent particle is scalar or unpolarized (with respect to its boost direction), a weighted integral I(m) with the
following property can be constructed:
I(m) ≡
∫
dEℓD(Eℓ)W (Eℓ,m) (1)
with
I(m = mtrue) = 0 , (2)
where D(Eℓ) is the normalized lepton energy distribution in the laboratory frame and mtrue is the true value of
m. This property holds irrespective of velocity distribution of the parent particle, though the velocity distribution
aﬀects lepton distribution D(Eℓ). Therefore, using the characteristic weight function, we can extract the true value
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Figure 1: Reconstructed top quark mass as a function
of the input mass. The blue line shows the line where
the reconstructed mass is equal to the input mass.
Signal stat. error 0.4
Fac. scale (signal) +1.5−1.4
PDF (signal) 0.6
Jet energy scale (signal) +0.2−0.0
Background stat. error 0.4
Table 1: Estimates of uncertainties in GeV from sev-
eral sources in the top mass reconstruction. The sig-
nal statistical errors correspond to those with an inte-
grated luminosity of 100 fb−1 and for the sum of the
lepton(e, µ)+jets events. The background statistical er-
rors are also for 100 fb−1.
of m as the zero of I(m) independently of the velocity distribution of the parent particle. The required observable
is only lepton energy distribution D(Eℓ).
We study an application of the weight function method to the top quark mass measurement at the LHC. Under
real experimental circumstances, we have to take account of deviation from the above ideal limit. The deviation
is caused by experimental eﬀects such as detector acceptance, event selection cuts and background contributions.
There are theoretical contributions to the deviation as well, such as the eﬀect of the top quark oﬀ-shellness. Higher-
order corrections in perturbative QCD should also be included. Since the experimental eﬀects could be fatal at
the LHC, where huge background events inevitably demand application of strict cuts, we investigate experimental
viability of this method in the first place. In this thesis, we present a study of a simulation analysis of the top
mass measurement at the LHC with our new method, incorporating the above experimental eﬀects. The analysis
is performed at LO, and the theoretical aspects such as higher-order corrections and the eﬀect of the top quark
oﬀ-shellness are not considered. In this analysis, we study top quarks in tt pair production and their lepton+jets
decay channel.
The main results of the MC simulation analysis at LO presented in this thesis are as follows:
• We confirmed that the weight function method works well within MC statistical errors using only signal
events at the parton level.
• Among experimental eﬀects, we found that the most serious eﬀect comes from lepton cuts (cuts concerning
the transverse momentum pT (ℓ) and pseudo-rapidity η(ℓ) of leptons). By these cuts, the lepton energy
distribution is distorted especially in the low-energy part. This causes a large shift of the zero of I(m), and
consequently, the correct value of the top mass is not obtained if we use the method as it is.
• We showed that the above problem of lepton cuts can be overcome by devising a method of compensating
for the loss of the signal distribution caused by the lepton cuts, using MC events. For the compensated MC
events, the input mass of the top quark (defined as mct) needs to be assumed. We can extract the correct
value of the top quark mass by the consistency condition that mct is equal to the zero of I(m).
• We checked that backgrounds can be suppressed appropriately by optimizing other cuts.
• As a result of a simulation study of the top mass reconstruction including the above eﬀects with the input
top mass to be mt = 167, 170, 173, 176 and 179GeV, we confirmed that the correct input top mass can be
obtained within the MC statistical errors. The result is shown in Figure 1.
• We studied the sensitivity of the top mass determination with this method. The results of estimated uncer-
tainties are summarized in Table 1. The signal statistical error was estimated to be 0.4GeV with an integrated
luminosity of 100 fb−1 at
√
s = 14TeV. Some of major systematic uncertainties were also estimated and the
uncertainty associated with factorization scale dependence was found to be the dominant one with the size
of about 1.5GeV.
The uncertainty due to factorization scale dependence, which is the dominant source of error, is expected to be
improved by including higher-order corrections in this analysis, and thus, the systematic uncertainties are considered
to be under control. These results are presented in Refs. [3,4].
From these results, we demonstrated that this method is viable for the top quark mass measurement at the LHC
even considering realistic experimental conditions. It has a possibility to achieve a high precision in determining a
theoretically well-defined top quark mass by including higher-order QCD corrections.
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Abstract
We propose a new method to measure a theoretically well-defined top quark mass at
the LHC. This method is based on the “weight function method” proposed in Ref. [1].
It requires only lepton energy distribution and is basically independent of the production
process of the top quark. We perform a simulation analysis of the top quark mass re-
construction with tt pair production and lepton+jets decay channel at the leading order.
The estimated statistical error of the top quark mass is about 0.4GeV with an integrated
luminosity of 100 fb−1 at
√
s = 14TeV. We also estimate some of the major systematic
uncertainties and find that they are under good control.
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Chapter 1
Introduction
1.1 Top Quark
The existence of the top quark was suggested theoretically by Kobayashi and Maskawa
in 1973 [2] as one of the third-generation pair of quarks in their attempt to explain CP
violation. Since the discovery of its partner, bottom quark, in 1977, intensive experimental
eﬀorts of almost twenty years have been made until finally the sixth quark was observed in
the Tevatron experiments at Fermilab in 1995 [3, 4]. The top quark has the largest mass
and, as a consequence, the strongest coupling to the Higgs boson among the elementary
particles in the Standard Model (SM) of particle physics. This makes the top quark
distinct from other quarks and gives it a prominent role in various physics.
So far, properties of the top quark have been studied at the Tevatron and at Run
I of the Large Hadron Collider (LHC). These studies have provided us with plenty of
information about this particle, including its mass, charge, production mechanisms and
their cross sections, decay processes, etc. The forthcoming physics program at the up-
graded LHC from spring 2015 is expected to reveal further details on the properties of
the top quark and advance our understanding of this quark. Moreover, there are future
lepton-collider projects such as the International Linear Collider (ILC) and the Compact
Linear Collider (CLIC), where the top quark physics is one of their primary targets.
1.2 Motivation and Current Status of Top Quark Mass
Measurements
Among the top quark properties, the mass of the top quark is especially important since,
besides being a fundamental parameter of the SM, its value concerns tests of the SM and
models of new physics. In electroweak precision fits, the top quark mass is a critical input
among the global fit parameters owing to its large contributions to radiative corrections [5,
6, 7]. In order to test overall consistencies of the SM and models of new physics from these
fits, knowing the precise value of the top quark mass is required. In addition, the value of
the top quark mass plays a decisive role in discussion about the SM vacuum stability [8, 9].
Assuming that the SM can be extrapolated up to the Planck scale without new physics,
the precise value of the top quark mass, together with the Higgs boson mass, settles
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whether the SM vacuum is stable or not. Recent measurements of the masses of the top
quark and the Higgs boson indicate that the SM vacuum lies close to the border between
the stable and meta-stable regions. In this evaluation, the main source of uncertainty
comes from the top quark mass measurements. Furthermore, in models beyond the SM,
predictions often depend strongly on the value of the top quark mass. Consequently,
measuring the top quark mass with high precision leads to validity tests of the models.
A well-known example is the top-quark loop correction to the Higgs boson mass in the
minimal supersymmetric SM (MSSM) [10, 11].
The top quark mass is currently available with a precision of 0.4% by the measurements
at the Tevatron and at the LHC. In March 2014, the CDF and D0 collaborations at
the Tevatron and the ATLAS and CMS collaborations at the LHC reported their first
combined measurement of the top quark mass mt, which yields [12]
mt = 173.34± 0.27(stat)± 0.71(syst) GeV . (1.1)
More recently, a new result of a combination of the CDF and D0 measurements with higher
precision was provided to be mt = 174.34±0.37(stat)±0.52(syst)GeV [13]. Furthermore,
the CMS collaboration reported its new combined result as mt = 172.38 ± 0.10(stat) ±
0.65(syst)GeV [14]. It is expected that the upgraded LHC with the collision energy of√
s = 13 -14TeV will provide the top quark mass measurements with higher precision [15].
In these measurements, the top quark mass is basically obtained from measuring kinematic
distributions of the top quark final state and comparing the distributions with theoretical
predictions. For the theoretical predictions, Monte Carlo (MC) event generators are used,
and therefore, the input top quark mass to the MC generator which reproduces well the
observed distributions is supposed to be extracted. In this sense, the top quark mass
measured by this procedure is called “Monte-Carlo mass,” mMCt .
However, the obtained mass in this procedure is not identified with the mass appearing
in theoretical calculations, such as radiative corrections in electroweak precision fits and
the SM vacuum stability. The definition of the measured top quark mass in perturbative
theory is ambiguous for the following reason. The quarks and/or gluons in decay products
of the top quark hadronize, and in the directions of their momenta, hadrons and other
particles are multi-produced, which is observed as jets. This process, hadronization, is
non-perturbative. It cannot be derived from first principles within the framework of
perturbative theory. Thus, to simulate the hadronization, phenomenological models are
assumed in MC generators. The measurements mentioned above utilize kinematics of
the top quark final state including jet momenta, and therefore, the obtained mass, mMCt ,
is hadronization-model dependent [16]. It should be distinguished from well-defined top
quark masses in perturbative QCD, such as the MS mass and the pole mass (which we
will mention later). On top of that, since it is diﬃcult to evaluate the uncertainties
of hadronization models, the formula relating mMCt to the mass defined in perturbative
QCD is not known [17]. While the diﬀerence between mMCt and the top quark pole mass
is estimated to be less than a few GeV, there is no quantitative guarantee. The current
precision of the top quark mass measurements with less than one GeV and the required
accuracy for theoretical calculations demand a clarification of its definition. Therefore,
strictly speaking, mMCt ought not to be used as an input parameter to calculations in
perturbative theory, in spite of its high precision.
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For the use of the top quark mass as an input parameter to perturbative calculations,
measurements of the well-defined top quark mass within the perturbative theory is nec-
essary. Often used theoretically well-defined masses are the pole mass and the MS mass.
The pole mass of the top quark can be defined (though the definition involves diﬃculty)
as the pole position of the top quark propagator calculated order-by-order in perturbative
QCD. However, in contrast to the case of leptons in QED, the top quark has a color,
and thus, the quark itself is not physically observable. It means that a physical on-shell
quark cannot exist, that is, the quark pole mass is not a physical quantity. Reflecting this
fact, the quark pole mass suﬀers from the eﬀects of soft gluon radiations and is sensitive
to infrared physics. Consequently, its perturbative convergence is limited to the order of
ΛQCD (which is referred to as the “infrared renormalon problem”) [18, 19, 20]. Therefore,
the quark pole mass is a poor mass scheme in perturbative QCD.
To avoid this diﬃculty, utilization of short-distance masses, which improves conver-
gence of perturbation drastically, is favored theoretically. Among others, the MS mass
which is a mass parameter in the QCD Lagrangian renormalized in the MS scheme, is
commonly used. By using the MS mass, good convergences in perturbative expansions
are confirmed in various observables, for example, the total tt production cross section at
hadron colliders [21] and the heavy-quark QCD potential [22, 23]. For this reason, the
MS mass is considered to be appropriate for the input to theories, and therefore, a precise
determination of this mass is desirable. The relation between the MS mass and the pole
mass of the top quark is known up to 3-loop order in perturbative QCD [24, 25, 26], where
the MS mass is smaller than the pole mass by about 10GeV.1
The MS mass and pole mass of the top quark have been extracted from the mea-
surements of the tt production cross section at the Tevatron and LHC. The MS mass
measurements were performed by the D0 collaboration at the Tevatron and by the CMS
collaboration at the LHC, and they obtained
mMSt (m
MS
t ) = 160.0
+5.1
−4.5 GeV (D0) [28] (1.2)
and
mMSt (m
MS
t ) = 163.1
+6.8
−6.1 GeV (CMS) [29] (1.3)
respectively. These masses were obtained from comparisons between the measured tt
cross sections and its predictions written in terms of mMSt using the approximate next-to-
next-to-leading order (NNLO) calculation in Refs. [30, 21]. The pole mass has also been
measured by the D0, CMS and ATLAS collaborations in the same way as the MS mass
1 There is another definition of the MS mass which is defined for the whole SM Lagrangian, including
electroweak corrections. The relation of this mass to the pole mass has been calculated in Ref. [27], and
this mass is larger than the pole mass by about 1GeV. While it is desirable to use the appropriate MS
mass defined for the whole SM Lagrangian when eventually considering higher-order electroweak and QCD
corrections thoroughly, the procedure for including these corrections has already been established and is
straightforward. Hereafter, the MS mass in this thesis refers to the one defined within the framework of
perturbative QCD.
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measurements:
mpolet = 167.5
+5.4
−4.9 GeV (D0) [28] (1.4)
mpolet = 176.7
+3.0
−2.8 GeV (CMS) [31] (1.5)
mpolet = 172.9
+2.5
−2.6 GeV (ATLAS) [32] . (1.6)
The errors are still large compared to the measurements of mMCt and not desirable for the
input parameter to theoretical calculations. The theoretical prediction of the tt production
cross section at hadron colliders are now available at full NNLO including the next-
to-next-to-leading logarithmic (NNLL) soft-gluon resummation [33, 34, 35, 36, 37, 38,
39, 40]. The up-to-date theoretical calculation is used at the above CMS and ATLAS
measurements. The dominant sources of theoretical uncertainties originate from parton
distribution functions (PDFs) and αs uncertainties, whose contributions to the top quark
mass determination are at the order of 1.5-2GeV. Since it is unlikely that this PDF+αs
uncertainty will be improved significantly in near future, the accuracy of the top quark
mass determination by this method would be limited to this order of magnitude.
Various other methods for measuring the top quark mass at hadron colliders have
been proposed and studied. Although most of them are methods which determine the
mass parameter in MC generators mMCt , they utilize observables sensitive to diﬀerent sys-
tematic uncertainties from each other. Therefore, their importance lies in deepening our
understanding about hadronization in MC and the mMCt -pole mass relation, by checking
consistency in mMCt measurements. A method using endpoints of kinematic distribu-
tions [41] has been developed by the CMS collaboration based on the observable MT2
and its variants [42, 43, 44]. It has been applied to the top quark mass measurement by
the CMS collaboration [41]. A method utilizing the mt dependence of the mean decay
length of b hadrons formed from b quarks in the top quark decays have been proposed in
Ref. [45], and applied to the CDF [46] and CMS experiments [47]. In addition, there is
a method which uses J/Ψ originated from b quark in the top quark decay and extracts
the top quark mass from distribution of the invariant mass of lepton+J/Ψ(→ ℓ+ℓ−),
Mℓ+J/Ψ. This method has been proposed in Ref. [48] and advanced in Refs. [49, 50, 51].
The experimental viability has also been investigated in simulation analysis for the CMS
experiment [52]. Other methods can be found in Refs. [53, 54, 55].
The above-mentioned methods all make direct use of distributions of jets or observable
associated with jets such as missing transverse momentum pmissT , and extract the top mass
by comparing them with distributions from MC simulation. Therefore, the obtained mass
is the Monte-Carlo mass. On the other hand, to determine a theoretically well-defined
top quark mass, a method using the normalized diﬀerential cross section of tt + 1-jet
events as a function of the inverse of the invariant mass of the system has been proposed
in Ref. [56] and applied to a measurement of the top quark pole mass by the ATLAS
collaboration [57]. This method improves the sensitivity to the top quark mass by using
the diﬀerential distribution of the tt+1-jet events, compared to using the tt cross section
itself. The result yields
mpolet = 173.7
+2.3
−2.1 GeV , (1.7)
which is the most precise measurement of the top quark pole mass currently available. The
statistical error of the measurement has the size of 1.5GeV and is the dominant source
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of the above uncertainty. This error is expected to be improved with future increase of
data at the LHC. The experimental systematic uncertainty is of the order of 1.4GeV.
Its dominant sources are uncertainties due to jet energy scale (0.94GeV) and initial- and
final-state radiations (0.72GeV).
Precise measurements of the top quark MS mass is expected to be accomplished at
future lepton colliders. The ILC and CLIC are future projects of e+e− linear colliders
and detailed simulation studies of their expected performance have been investigated.
Using the facilities, the top quark mass can be determined from a threshold scan of tt
pair production. The prediction of the tt production cross section near the threshold
has been calculated in the framework of non-relativistic eﬀective theories and is now
available up to full NNLO corrections [58] with further partial (almost complete) NNNLO
corrections [59, 60, 61, 62, 63]. Comparing experimental measurements of the threshold
scan with the prediction, theoretically well-defined top quark masses such as the 1S mass
in Ref. [64] can be extracted with the accuracy of less than 40MeV [65, 66, 67]. The
obtained mass can be converted to the MS mass using their 3-loop relation, which involves
uncertainties of the order of 100MeV. As a result, the top quark MS mass is expected to be
obtained with the uncertainty of around 100MeV. Furthermore, precision measurements
of the theoretically well-defined top quark mass is anticipated also at other future lepton
colliders, such as e+e− circular colliders, the FCC-ee (formerly known as TLEP) and
the Circular Electron Positron Collider (CEPC), and muon colliders [68, 69, 70], though
detailed simulation studies are still missing.
1.3 Aim and Achievement of the Thesis
In the light of the current status of the top quark mass measurements mentioned above, we
intend to realize a precise determination of the top quark MS mass at the current LHC. In
order to achieve this goal, we propose a new method for the top quark mass measurement.
This method has characteristics of using only lepton distributions and primarily being
independent of the top quark velocity distribution. Owing to the characteristics, it does
not depend on hadronization processes and PDF in principle. Thus, with this method, we
can determine the top quark mass based on perturbative QCD and obtain the MS mass
of the top quark. In addition, since it is rather insensitive to uncertainties associated with
jet energy scale (JES), compared to other methods which use jet momenta directly, high
precision can be expected.
Our method is based on the “weight function method” which we proposed in Refs. [1,
71] aiming at precision measurements of various physical parameters at hadron colliders.
The method uses a characteristic weight function. The weight function W (Eℓ,m) is a
function of the energy Eℓ of lepton ℓ (ℓ = e or µ) and a parameter m which is supposed to
be measured. Typicallym is the mass of the parent particle (see Figure 1.1). The function
W can be calculated theoretically with knowledge of the decay process of the parent
particle. Assuming that the parent particle is scalar or unpolarized (with respect to its
boost direction), a weighted integral I(m) with the following property can be constructed:
I(m) ≡
∫
dEℓD(Eℓ)W (Eℓ,m) (1.8)
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Figure 1.1: Schematic figure of a decay process to which the weight function method is
applicable to measure the mass m of the parent particle using lepton energy Eℓ.
with
I(m = mtrue) = 0 , (1.9)
where D(Eℓ) is the normalized lepton energy distribution in the laboratory frame and
mtrue is the true value ofm. This property holds irrespective of the velocity distribution of
the parent particle which aﬀects lepton distribution D(Eℓ) or, in other words, irrespective
of the Lorentz frame of D(Eℓ). Therefore, using the characteristic weight function, we can
extract the true value of m as the zero of I(m) independently of the velocity distribution
of the parent particle. The required observable is only lepton energy distribution D(Eℓ).
We apply this method to the mass reconstruction of the top quark produced at the
LHC. The main production process of the top quark at the LHC is the tt pair production.
The produced tt decays in the following way according to the decay modes of the W
bosons:
tt→ (bW+)(bW−)→ (b j j)(b j j) : All hadronic channel
(b ℓ+ ν)(b j j) , (b j j)(b ℓ− ν) : Lepton+jets channel
(b ℓ+ ν)(b ℓ′− ν) : Dilepton channel
τ -related channels.
In current major experimental analyses, individual studies for mainly the above upper
three channels have been performed. In order to apply the weight function method to
the top mass measurement, top quarks should be unpolarized with respect to their boost
directions (as mentioned above). The SM prediction of the longitudinal polarization of
top quarks in tt production at the LHC is at sub-percent level [72, 73]. This longitudinal
polarization is caused by weak interaction and can be ignored to a good approximation.
(In the case of top quarks in single top production, the longitudinal polarization cannot be
ignored.) Therefore, we can apply the weight function method to the top quarks produced
via tt at the LHC for the decay channels which include a lepton, namely lepton+jets and
dilepton channels. Using experimental energy distribution of the lepton for D(Eℓ) in
eq. (1.8), the top quark mass can be obtained as the zero of I(m).
This method has a distinct advantage over the conventional methods for the top quark
mass measurements that it can extract the top quark mass by comparing directly (with-
out intervention of hadronization models) a theoretical prediction calculated within the
framework of perturbative QCD with an experimental distribution. Here, the theoretical
prediction is the lepton energy distribution in the rest frame of the top quark used to con-
struct the weight functionW (Eℓ,m). Therefore, this method is closed within perturbative
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QCD, which allows us to determine a top quark mass parameter defined in perturbative
theory. Specifically, the pole mass of the top quark can be obtained in this method as
the zero of I(m), by constructing the weight function with the prediction of the lepton
energy distribution in the top quark rest frame in the on-shell scheme written in terms of
the top quark pole mass parameter m. (To obtain the MS mass, a proper conversion of
the pole mass or the I(m) is required in addition.)
Among several steps toward the goal of determining the top quark MS mass with
high precision at the LHC, the study in this thesis covers the following part. Under real
experimental circumstances, we have to take account of deviation from the above ideal
limit. The deviation is caused experimentally by eﬀects of detector acceptance, event
selection cuts and background contributions. There are theoretical contributions to the
deviation as well, such as the eﬀect of the top quark oﬀ-shellness. Higher-order corrections
in perturbative QCD should also be included stepwise. Since the experimental eﬀects
could be fatal at hadron colliders like the LHC, where huge background events demand
application of strict cuts, we should investigate the experimental viability of this method
in the first place. In this thesis, we present a study of a simulation analysis of the top
mass measurement at the LHC with our new method, incorporating experimental eﬀects
such as detector acceptance, event selection cuts and background contributions. The
analysis is performed at LO, and the theoretical aspects such as higher-order corrections
and the eﬀect of the top quark oﬀ-shellness are not considered. They remain in the scope
of our future work. In this analysis, we study top quarks in tt pair production and their
lepton+jets decay channel.
The main results of the MC simulation analysis at LO presented in this thesis are as
follows:
• We confirmed that the weight function method works well within MC statistical
errors using only signal events at the parton level.
• Considering experimental eﬀects, we found that the most serious eﬀect comes from
lepton cuts (cuts concerning the transverse momentum pT (ℓ) and pseudo-rapidity
η(ℓ) of leptons). By these cuts, the lepton energy distribution is distorted especially
in the low-energy part. This causes a large shift of the zero of I(m), and conse-
quently, the correct value of the top mass is not obtained if we use the method as
it is.
• We showed that the above problem of lepton cuts can be overcome devising a method
of compensating for the part lost by the lepton cuts using MC events. For the
compensated MC events, the input mass of the top quark (defined as mct) needs
to be assumed. We can extract the correct value of the top quark mass by the
consistency condition that mct is equal to the zero of I(m).
• We checked that backgrounds can be suppressed appropriately by optimizing other
cuts.
• As a result of a simulation study of the top mass reconstruction including the above
eﬀects with the input top mass mt = 167, 170, 173, 176 and 179GeV, we confirmed
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Figure 1.2: Reconstructed top quark mass as a function of the input mass. The blue line
shows the line where the reconstructed mass is equal to the input mass.
that the correct input top mass can be obtained within the MC statistical errors.
The result is shown in Figure 1.2.
• We studied the sensitivity of the top mass determination with this method. The
signal statistical error is estimated to be 0.4GeV with an integrated luminosity of
100 fb−1 at
√
s = 14TeV. Some of major systematic uncertainties are also estimated
and the uncertainty associated with factorization scale dependence is found to be
the dominant one with the size of about 1.5GeV.
The uncertainty due to factorization scale dependence, which is the dominant source of
error, is expected to be improved by including higher-order corrections in this analysis,
and thus, the systematic uncertainties are considered to be under control. These results
are presented in Refs. [74, 75] by the present author and collaborators.
By these results, we demonstrate that this method is viable for the top quark mass
measurement at the LHC even considering realistic experimental conditions. It has a
possibility to achieve a high precision in determining a theoretically well-defined top quark
mass by including higher-order QCD corrections.
1.4 Organization of the Thesis
The organization of the thesis is as follows.
Chapter 2 explains the framework of the weight function method which provides the
basis of our method for the top quark mass measurements. First, we outline the weight
function method and summarize its applicable conditions (Section 2.1). A more systematic
derivation of the weight functions follows (Section 2.2). The derivation is presented first
for the case of two-body decay and then generalized to the case of many-body decay.
Chapter 3 is the main part of this thesis. Based on the weight function method
explained in Chapter 2, we perform a simulation analysis of the top quark mass measure-
ment at the LHC at LO. Giving the setup of the analysis (Section 3.1), we first perform
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a parton-level analysis (Section 3.2). Next, evaluations and discussion about eﬀects of
various event selection cuts are given and the event selection criterion for this analysis
is determined (Section 3.3). Finally, we show the results of the top mass reconstruction
(Section 3.4) and study the sensitivity of the mass determination (Section 3.5).
Chapter 4 is devoted to discussion about experimental validity of this method includ-
ing other sources of uncertainties not treated in Chapter 3, and theoretical corrections
supposed to be considered in future analyses.
Conclusions are given in Chapter 5.
Theoretical details are given in Appendix. The derivation of theoretical expression of
the lepton energy distribution in the top quark rest frame which is used for the weight
function method is given in Appendix A.
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Chapter 2
Weight Function Method
The weight function method is a method to measure various physical parameters in theory,
proposed in Refs. [1, 71], and has a variety of applications besides a mass reconstruction
of the top quark. In Section 2.1, we outline the weight function method and summarize
its applicable conditions. In Section 2.2, we give a derivation of the expression of the
weight functions.
2.1 Summary of Weight Function Method
Consider the case that a parent particle X decays into at least one lepton ℓ (= e or µ)
plus any other particles (X → ℓ+ anything). We suppose the parent particle X is scalar
or unpolarized (with respect to the direction of its boost) and the mass of the lepton can
be neglected. Then, we can construct the following integral I(m) using the (normalized)
lepton energy distribution D(Eℓ) in the laboratory frame:
I(m) =
∫
dEℓD(Eℓ)W (Eℓ,m) , (2.1)
where W (Eℓ,m) is called a weight function and defined by
W (Eℓ,m) =
∫
dE D0(E;m) 1
EEℓ
(odd fn. of ρ)
∣∣∣∣
eρ=Eℓ/E
(2.2)
with the normalized lepton energy distribution D0(E;m) in the rest frame of the parent
particle. The m is an arbitrary parameter included in D0 and supposed to be measured.
We assume the theoretical expression of D0 can be obtained, and thus, weight functions
are calculable theoretically.
The weighted integral I(m) has the following property: I(m) = 0 when the parameter
m takes its true value, that is, I(m = mtrue) = 0. The nontrivial point is that this property
holds true independently of the Lorentz frame of the lepton energy distribution D(Eℓ),
and therefore, independent of velocities of the parent particle. This means that only from
lepton energy distribution in any frame, we can obtain the true value of m as the zero
of I(m) without knowledge of the velocity distribution of the parent particle. This has
a great advantage in aiming at precision measurements at hadron colliders, where most
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processes of interest have missing particles and/or jets in their final states and theoretical
predictions of production processes require PDFs with comparatively large uncertainties,
which make it diﬃcult to reconstruct the kinematics of parton-level processes accurately.
In practice, lepton energy distribution in the laboratory frame is distorted by various
experimental eﬀects such as detector acceptance, event selection cuts and backgrounds.
2.2 Derivation of Weight Functions
In this section, we give a derivation of the expression of the weight functions. We first
consider the simple case of two-body decays, and then generalize it to the case of many-
body decays.
2.2.1 Case of Two-Body Decay
Suppose a parent particle X decays into two particles l and Y (X → l + Y ), where
particles X and l satisfy the following conditions:
• l is massless and its energy distribution is accurately measurable.
• X is scalar or unpolarized.
In the rest frame of X, the normalized energy distribution of l is given by
D0(El) = δ(El − E0) , (2.3)
with
E0 ≡ mX
2
(
1− m
2
Y
m2X
)
, (2.4)
where El is the energy of l and mi is the mass of particle i. Eq. (2.3) shows that in the
rest frame of X the energy of l is determined uniquely.
Let us consider the same decay in a boosted frame in which X has a velocity β. The
phase space of 2-body decay is given by
dΦ2 =
1
8π
1
γβmX
θ ( γ (1− β)E0 ≤ El ≤ γ (1 + β)E0 ) dEl , (2.5)
where the step function is defined by
θ( condition ) ≡
{
1 if condition is satisfied ,
0 otherwise .
(2.6)
Using the rapidity y of X in the direction of its motion, defined by
e2y ≡ 1 + β
1− β , (2.7)
the normalized energy distribution in the boosted frame is expressed as
D(El ; β) = 1
2E0 sinh y
θ
(
e−yE0 ≤ El ≤ eyE0
)
. (2.8)
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We construct a weight function W (El) such that the integral of D(El ; β) weighted by
W (El) becomes independent of the parent particle’s velocity β. For convenience, we write
W (El) =
dG(x)
dx
∣∣∣∣
x=El/E0
. (2.9)
Then the weighted integral can be written as∫
dElD(El ; β)W (El) = 1
2 sinh y
[
G(ey)−G(e−y) ] . (2.10)
Since the right-hand side is an even part of G(ey)/ sinh y,
G(ey)
sinh y
= ( odd function of y ) + const. (2.11)
should be satisfied in order that the weighted integral is independent of β (i.e., independent
of y). Hence, the condition for G(ey) is
G(ey) = ( even function of y ) + const.× sinh y . (2.12)
Consequently, W (El) is given by
W (El) = e
−ρ [ ( odd function of ρ ) + const.× cosh ρ ] ∣∣
eρ=El/E0
. (2.13)
In eq. (2.13), one finds that the second term in the square bracket proportional to
cosh ρ does not lead to an independent relation. In fact, if we choose [ · · · ] = cosh ρ in
eq. (2.13),
W (El) =
cosh ρ
eρ
∣∣∣∣
eρ=El/E0
=
E20
2
(
1
E20
+
1
E2l
)
, (2.14)
the weighted integral satisfies∫
dElD(El ; β)W (El) = E
2
0
2
∫
dElD(El)
(
1
E20
+
1
E2l
)
= 1 , (2.15)
which corresponds to G(ey)/ sinh y = 1 in eq. (2.11). On the other hand, if we choose
[ · · · ] = sinh ρ,
W (El) =
sinh ρ
eρ
∣∣∣∣
eρ=El/E0
=
E20
2
(
1
E20
− 1
E2l
)
, (2.16)
the weighted integral satisfies∫
dElD(El ; β)W (El) = E
2
0
2
∫
dElD(El)
(
1
E20
− 1
E2l
)
= 0 . (2.17)
Using the normalization condition
∫
dElD(El ; β) = 1, one sees that these two relations
(2.15) and (2.17) are equivalent. Therefore, the second term in eq. (2.13) is essentially
included in the first term, so that we omit it hereafter.
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Figure 2.1: The normalized energy distribution D(El; β) (the solid line) and e ρW (El)
(the dashed line) in terms of ρ = log(El/E0). β is chosen such that y = 0.5 , which is the
edge point of D(El; β), and E0 is taken to be 1. The odd function of ρ in eq. (2.18) is
chosen as 5 tanh(5ρ)/cosh(5ρ).
As a result, we obtain the weight functions
W (El) = e
−ρ ( odd function of ρ )
∣∣
eρ=El/E0
(2.18)
which satisfy ∫
dElD(El ; β)W (El) = 0 . (2.19)
To see how the weighted integral becomes independent of β, let us transform El to
ρ = log(El/E0). Using eqs. (2.8) and (2.18), one finds that eq. (2.19) can be expressed
with ρ as∫
dElD(El ; β)W (El) = 1
2 sinh y
∫
dρ θ (−y ≤ ρ ≤ y)× ( odd function of ρ ) = 0 .
(2.20)
Note that the energy distribution D(El ; β) is proportional to θ (−y ≤ ρ ≤ y), that is,
even function of ρ, while the weight function is proportional to an odd function of ρ, see
Figure 2.1. Therefore, the integral of their products vanishes irrespective of the value of
y.
In a real experiment the velocity ofX has a certain distribution f(β). Correspondingly,
the energy distribution of l in the laboratory frame becomes
D(El) =
∫
dβ f(β)D(El ; β) , (2.21)
where f(β) is normalized as
∫
dβ f(β) = 1. Even though D(El) depends on f(β), one
finds also in this case∫
dElD(El)W (El) =
∫
dβ f(β)
∫
dElD(El ; β)W (El) = 0 . (2.22)
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Figure 2.2: Examples of characteristic weight functions for the two-body decay case. E0
and El represent the energy of l in the rest frame and laboratory frame of the parent
particle, respectively.
There exist an infinite number of characteristic weight functions, since we can freely
choose the odd function of ρ in eq. (2.18). Let us give some examples of characteristic
weight functions:
i) For (odd function of ρ) = n tanh(nρ)/cosh(nρ),
W (El) =
2n (xn − x−n)
x (xn + x−n)2
∣∣∣∣
x=El/E0
=
2nE n−1l E
n+1
0 (E
2n
l − E 2n0 )
(E 2nl + E
2n
0 )
2 . (2.23)
W (El) with n = 1, 2, 3, 4, 5 are shown in Figure 2.2 i). In the cases n > 1, these
weight functions satisfy W = 0 at El = 0, giving relatively small weight at El ∼ 0
in the integrand of (2.19).
ii) For (odd function of ρ) = tanh(nρ),
W (El) =
xn − x−n
x (xn + x−n)
∣∣∣∣
x=El/E0
=
E0
El
E 2nl − E 2n0
E 2nl + E
2n
0
. (2.24)
W (El) with n = 5, 1,
1
2 ,
1
4 are shown in Figure 2.2 ii). These weight functions diverge
at El = 0, giving large weight at El ∼ 0 when integrated.
2.2.2 Generalization to Case of Many-Body Decay
We generalize the argument for the case of two-body decay to the case of many-body
decay. Let us consider the decay of a particle X into many bodies including a particle l
(X → l + anything ). We require the following conditions to this process:
• l is massless and its energy distribution is accurately measurable.
• X is scalar or unpolarized.
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• The energy distribution of l in the rest frame of X is known theoretically.
To obtain characteristic weight functions for many-body decay, we can use the result
of the two-body decay. Using a trivial equation for the normalized energy distribution
D0(El) of l in the rest frame of X,
D0(El) =
∫
dED0(E) δ(El − E) , (2.25)
one obtains the normalized energy distribution of l in a boosted frame where X has a
velocity β as
D(El ; β) =
∫
dED0(E) 1
2E sinh y
θ
(
e−yE ≤ El ≤ eyE
)
. (2.26)
We construct a weight function W (El) such that the integral of D(El ; β) weighted by
W (El) is independent of the parent particle’s velocity β. It is found that such a weight
function for many-body decay can be written by that for the two-body decay:
W (El) =
∫
dE ′D0(E ′) 1
E ′ 2
dG(x)
dx
∣∣∣∣
x=El/E′
, (2.27)
where G is the same as in the two-body decay: G(ey) = ( even function of y ) + const.×
sinh y.
Proof. Using eqs. (2.26) and (2.27), the weighted integral becomes∫
dElD(El)W (El) =
∫
dE dE ′D0(E)D0(E ′) G (e
yE/E ′)−G (e−yE/E ′)
2E E ′ sinh y
. (2.28)
In the case G(ey) = ( even function of y ), G satisfies G(x) = G(x−1), hence
G
(
ey
E
E ′
)
−G
(
e−y
E
E ′
)
= G
(
ey
E
E ′
)
−G
(
ey
E ′
E
)
(2.29)
is antisymmetric under the exchange of E and E ′. Since the other part of (2.28) is
symmetric under the exchange of E and E ′, the weighted integral vanishes. In the case
G(ey) = sinh y,
G
(
ey
E
E ′
)
−G
(
e−y
E
E ′
)
= EE ′
(
1
E2
+
1
E ′ 2
)
sinh y , (2.30)
from which it follows that∫
dElD(El)W (El) =
∫
dED0(E) 1
E2
= independent of y . (2.31)
Thus, in both cases the weighted integral is independent of β.
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Eq. (2.27) can be written as
W (El) =
∫
dED0(E) 1
EEl
[ ( odd function of ρ ) + const.× cosh ρ ] |eρ=El/E . (2.32)
We can omit the second term in the square bracket in the same way as the two-body
decay case.
Finally we obtain the characteristic weight functions for the many-body decay, X →
l + anything, as
W (El) =
∫
dED0(E) 1
EEl
× ( odd function of ρ )|eρ=El/E , (2.33)
which satisfy ∫
dElD(El ; β)W (El) = 0 . (2.34)
In the same way as the two-body decay case, when the parent particle has a velocity
distribution f(β), the energy distribution of l becomes
D(El) =
∫
dβ f(β)D(El ; β) . (2.35)
Even in this case, the weighted integral remains to be zero:∫
dElD(El)W (El) =
∫
dβ f(β)
∫
dElD(El ; β)W (El) = 0 . (2.36)
Let us give some examples of the characteristic weight functions:
i) For (odd function of ρ) = n tanh(nρ)/cosh(nρ),
W (El) =
∫
dED0(E) 2nE
n−1
l E
n−1(E2nl − E2n)
(E2nl + E
2n)2
. (2.37)
ii) For (odd function of ρ) = tanh(nρ),
W (El) =
∫
dED0(E) E
2n
l − E2n
ElE (E2nl + E
2n)
. (2.38)
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Chapter 3
Simulation Analysis of Top Mass
Measurement at LHC
In this chapter, we study the measurement of the top quark mass at the LHC using the
weight function method explained in Chapter 2. Performing a MC simulation analysis, we
investigate the experimental viability of the method applied to the top quark mass deter-
mination. In this first study, we concentrate on anticipated biases caused by experimental
eﬀects such as detector acceptance, event selection cuts and background contributions,
and do not deal with theoretical corrections including high-order QCD corrections and
eﬀects of top quark oﬀ-shellness. Therefore, the following analysis is at LO.
In the simulation analysis, we perform a pseudo-experiment of the top quark mass
measurement with simulated events generated using MC simulators. Assuming the input
value of the top quark mass to the MC generators, we pursue the validity of the method
by checking whether the reconstructed top quark mass is the correct value which coincides
with the input mass. Because of the limited capability in numbers of generated events,
the results are subject to statistical fluctuations of MC. To suppress the eﬀects of the MC
statistical errors, we generate MC events as much as possible (though limited to manage
analyses with realistic time), and try to focus on systematic eﬀects on the measurement.
In addition, the sensitivity of the mass determination with the method is studied.
Both statistical and systematic uncertainties on the reconstructed top quark mass are
considered. The expected systematic uncertainties are estimated by varying a parameter
involving the uncertainties by its uncertainty size, and the shift of the reconstructed mass
caused by the variation is examined.
First, we give the setup of the analysis (Section 3.1) and check the validity of the
method for an ideal case with parton-level events (Section 3.2). Then eﬀects of various
event selection cuts are studied in Section 3.3, which demand a modification of the method.
The procedure and results of the simulation measurement of the top quark mass are given
in Section 3.4. The sensitivity of the mass determination is estimated in Section 3.5.
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3.1 Analysis Setup
To simulate the top quark mass measurement with our method, we prepare MC simulation
events both for signal and backgrounds. On the other hand, our method requires a
calculation of the theoretical expression of weight functions W (Eℓ,m) for the top quark
decay process. With the generated MC events and the calculated weight functions, we
perform a mass measurement constructing the weighted integral I(m) [eq. (2.1)].
The simulation setup is summarized in Subsection 3.1.1, specifying the generated
signal and background processes and the MC simulators. The theoretical preparation for
the weight functions used in this analysis is given in Subsection 3.1.2.
3.1.1 Simulation Setup
We perform a simulation analysis for the LHC at a center-of-mass energy of
√
s = 14TeV.
We consider for the signal process, the tt productions and their subsequent decays into a
muon plus jets at the LHC:
pp→ tt+X → µ± + jets + pmissT . (3.1)
The tt production is the dominant process of the top quark production at the LHC,
and the produced top quark via tt is almost unpolarized. In fact, one can show that if only
QCD interactions are considered, the top quark polarization vector is perpendicular to the
top quark boost direction due to parity invariance of QCD. The transverse polarization is
predicted within the SM to be a few percent [76, 77, 73]. Since the transverse polarization
does not violate the flatness of lepton angular distribution with respect to the top boost
direction in the top quark rest frame, it maintains the requisite for application of the
weight function method. On the other hand, parity-violating weak interactions induce a
longitudinal polarization of the top quark, whose size in the SM prediction is 0.006 with
a tt invariant mass cut of Mtt > 500GeV [72, 73].
1 Since this value is fairly small, we
ignore this eﬀect in this analysis. (The MC generators which we use for this analysis are
at LO, and do not include this contribution.) We will include the small corrections of the
longitudinal polarization in our future work if necessary. We note that in the single-top
production, top quarks are highly polarized due to electroweak interactions. Thus, our
method is not applicable to top quarks in the single-top production.
The method requires a lepton (e or µ) in the decay products of the top quark. Thus,
it can be applied to the lepton+jets and dilepton decay channels of tt. Channels where
an e or µ emitted via decay of a τ lepton can be used as well. In this first analysis, we
study the lepton+jets channel, especially with its muon mode, since this channel has a
larger statistics than the other lepton-related channels and has usually provided the most
accurate measurements among all the tt decay channels. Although we do not study the
1 Here, the longitudinal polarization P is given in the helicity basis by
1
σ
dσ
d cos θ
=
1
2
(1 + P cos θ) , (3.2)
where θ is the angle between the momentum direction of a charged lepton in the rest frame of the top
quark and the top quark boost direction in the tt center-of-mass frame.
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Figure 3.1: Representative diagram for the Wbb+ 0-jet process.
dilepton channel in this analysis, we point out that the channel is also worth investigating
for the following reasons: it is clean and we can utilize both leptons from t and t for this
method. Moreover, in this channel a lower lepton pT cut can be applied (in principle),
which might enable a precision measurement as we explain later.
For the background events, we consider the following processes:
• other tt
• W+jets
• Wbb+jets
• single top quark production
Other tt events include all the decay channels of tt except the above signal decay
channel. In particular, the other lepton+jets channel e+jets, as well as the µ+jets final
state, where µ is produced in tau lepton decays, are regarded as background events. These
events resemble the signal events when one W boson decays into µν and the other decays
into τν or eν, where τ decays hadronically and e is undetected. Events with a muon via
τ decay (plus hadronically decaying W ) also resemble the signal events.
The W+jets events are generated by taking into account the matching of the matrix
elements of W + {0, 1, 2, 3, 4}-jets processes and parton-shower. Here, jets do not include
b or b at the parton level. We confirmed that the net contribution of the W+jets events
after applying event selection cuts, which we give in Subsection 3.3.4, comes mostly from
the W decay mode of W → µν or τν. Thus, we generate only W+jets events with W
decaying into µν or τν. The kinematics of this background looks similar to that of the
signal if there are at least four jets with rather high pT . Consequently, the matching in
event generation is necessary to evaluate the background contribution.
TheWbb+jets events are generated by taking into account the matching of the matrix
elements of Wbb+ {0, 1, 2}-jets processes and parton-shower. A representative Feynman
diagram for this process with zero jet is shown in Figure 3.1. In contrast to the W+jets
case, the Wbb+jets cross section enhances largely by considering the contribution from
Wbb+1- or 2-jets events. This is because theWbb+1- or 2-jets include events which are not
taken into account byWbb plus parton-shower such as diagrams given in Figure 3.2, where
initial gluons contribute to the enhancement [78]. Figure 3.2 (a) shows the type of diagram
whose contribution is not suppressed by an s-channel gluon propagator. The diagram
given in Figure 3.2 (b) has a three-gluon vertex and contributes with a large Casimir
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Figure 3.2: Some representative diagrams for the Wbb + 1-jet process which do not
appear in the Wbb plus parton-shower simulation.
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Figure 3.3: Leading-order Feynman diagrams for the single top quark t-channel produc-
tion process. There are two diagrams, (a) 2→ 2 process and (b) 2→ 3 process.
factor. The matching parameters are determined with care of this fact. Since we confirmed
that almost only W → µν, τν decay modes remain after the event selection, these decay
processes are specified to be produced in the event generation. This background has the
same final-state components if two hard-pT jets are included, and mimics the signal.
The single top quark production consists of three sub-processes: t-channel, Wt asso-
ciated production and s-channel processes. Main diagrams for each processes are shown
in Figure 3.3 and Figure 3.4. The approximate NNLO production cross sections for pp
collisions at
√
s = 14TeV are 143.5 pb for the t-channel, 84.2 pb for the associated Wt
production and 12.05 pb for the s-channel [79, 80, 81]. For the sub-processes with an ini-
tial b-quark, we generate events with a parton distribution function including contribution
of b-quarks. The t- and s-channel events are generated only for t→ bµν, bτν decay modes,
while the Wt associated production are generated inclusively. Among the sub-processes,
the Wt associated production has similar kinematics to the signal and remains largely
after the event selection cuts compared to the other two sub-processes.
Both signal and background events are generated at LO using MadGraph/MadEvents [82,
83] for their hard processes. After matrix elements for each hard process are determined
with MadGraph based on Feynman diagrams for the process, integrations over the phase
20
bW
t
b
(a)
W
b
t
q
q′
(b)
Figure 3.4: Leading-order Feynman diagrams for (a) Wt associated production and (b)
single top quark s-channel production processes.
Signal Single top
(mt = 173GeV) other tt W+jets Wbb+jets t-channel Wt s-channel
8× 106 36× 105 26× 105 17× 104 25× 105 25× 105 25× 105
Table 3.1: Numbers of generated events for the signal and background processes.
space are performed with MadEvents to calculate cross sections and generate the MC
events. They are passed to PYTHIA [84], where initial- and final-state parton showers,
hadronization and underlying events are simulated. We use CTEQ6L [85] for the PDF.
Other sets of PDFs, MSTW2008 [86] and NNPDF2.1 [87], are also used to estimate sys-
tematic uncertainties related to PDFs in Section 3.5. All these events are passed to the
fast detector simulator PGS [88]. As a result of the event generation, we obtain sets
of simulated event information including the momenta of the final-state particles with
their particle id’s. In the following analysis, we make use of parton- and detector-level
information of the generated events. We specify which level we use in each analysis.
The number of generated signal and background events for this analysis is listed in
Table 3.1. For some evaluations in the analysis, we use only part of the generated events
to save analysis time.
3.1.2 Weight Functions
In the weight function method, we require a characteristic weight functionW (Eℓ,m). The
explicit form of the weight function is given in eq. (2.2) by
W (Eℓ,m) =
∫
dE D0(E;m) 1
EEℓ
(odd fn. of ρ)
∣∣∣∣
eρ=Eℓ/E
, (3.3)
where D0(E;m) is the normalized lepton energy distribution in the rest frame of the
parent top quark with the mass m. We can choose an arbitrary odd function of ρ in the
bracket of the integrand.
At LO, D0(E;m) is given by
D0(E;m) ∝ E
[
m
2
(
1− m
2
b
m2
)
− E
][
arctan
(
mW
ΓW
)
− arctan
(
m2W − µ2max
mWΓW
)]
θ( 0 < E < Emax ) ,
(3.4)
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Figure 3.5: Theoretical predictions for lepton energy distribution D0(E;m) in the rest
frame of the top quark with the top quark mass m = 161, 167, 173, 179 and 185GeV.
with
Emax ≡ m
2
(
1− m
2
b
m2
)
, (3.5)
µ2max ≡
2E(m2 −m2b − 2mE)
m− 2E , (3.6)
where mb, mW , and ΓW represent the masses of the bottom quark, W boson, and the
width of the W boson, respectively, and the step function θ is defined by
θ( condition ) ≡
{
1 if condition is satisfied ,
0 otherwise .
(3.7)
The expression is calculated considering the W boson width and the bottom quark mass.
The contribution from the eﬀect of the bottom quark mass appears in the expression as
m2b/m
2, whose size is below 10−3 with the top quark mass around m = 170GeV. For the
derivation of D0(E;m), see Appendix A. The calculated D0(E;m) for various top quark
masses m are shown in Figure 3.5. We choose for the odd function of ρ in eq. (3.3) as
(odd fn. of ρ) = n tanh(nρ)/cosh(nρ) , (3.8)
with n = 2, 3, 5 and 15.
Using the theoretical expression of D0(E;m) and the chosen odd functions [eq. (3.4)-
(3.8)], we can construct weight functions from eq. (3.3). An integration in eq. (3.3) is
performed numerically at discrete values of m and E, and then the resultant numerical
table is interpolated. The evaluation points of m and E are taken so that errors involved
with the interpolation can be negligible in our analysis. In addition, for an eﬃcient
calculation, we choose the points so that they concentrate around the region where the
value of the function W (Eℓ,m) rapidly changes.
Figure 3.6 shows the obtained weight functions used in the following analysis with
m = 173GeV. The chosen odd functions of ρ go zero for ρ→ ±∞, which is related to the
behavior ofW (Eℓ,m) at Eℓ = 0 and∞. Because of the small weights ofW (Eℓ,m) around
Eℓ = 0, where eﬀects of the lepton cuts are large (see Section 3.3), we can expect that
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Figure 3.6: Weight functions W (Eℓ,m) used in the analysis with m = 173GeV, corre-
sponding to n = 2, 3, 5 and 15 in eq. (3.8).
these weight functions are less sensitive to the cuts. One can see in Figure 3.6 that zeros
of the weight functions gather around Eℓ = 40GeV. This reflects the fact that the lepton
energy distribution D0(E;m) in the top quark rest frame, which is used for W (Eℓ,m),
ranges around Eℓ = 40GeV.
3.2 Check with Parton-Level Events
In the weight function method, the top quark mass can be reconstructed as the zero of the
weighted integral I(m) of the lepton energy distribution D(Eℓ) in the laboratory frame,
using the weight function W (Eℓ,m):
I(m) ≡
∫
dEℓD(Eℓ)W (Eℓ,m) , (3.9)
I(m = mrect ) = 0 . (3.10)
In a real experiment, D(Eℓ) is supposed to be the experimental distribution of lepton
energy. In this section, we use for D(Eℓ) the lepton energy distribution of the signal MC
events at the parton level. The parton-level MC events do not include the eﬀects due
to photon emissions of leptons, jet fragmentation, hadronization, detector acceptance,
lepton isolation and event selection cuts. Thus, with the events, we can check validity
of the weight function method in an ideal case. An analysis including detector eﬀects is
presented in the following sections.
There are two important criteria for applying the weight function method:
1. The lepton energy distribution in the top quark rest frame agrees with the theoretical
distribution used in the weight functions.
2. The lepton angular distribution in the top quark rest frame is isotropic, which
follows from the applicable condition of the method that the produced top quarks
are unpolarized.
23
0 20 40 60 80 100
0
50 000
100 000
150 000
200 000
250 000
E! !GeV"
Ev
en
ts
#1.5GeV
Figure 3.7: Lepton energy distribution in the top quark rest frame with the MC events at
the parton level. The input value of the top quark mass is assumed to be 173GeV. The
corresponding theoretical prediction D0(Eℓ,m) with the top quark mass 173GeV is also
shown as a red line. The normalization of the theoretical prediction is adjusted to that
of the MC distribution.
We first check the two criteria with the parton-level events. Figure 3.7 shows the
signal MC distribution of the lepton energy in the top quark rest frame. The input value
of the top quark mass is 173GeV. The theoretical prediction of the distribution with the
top mass 173GeV is also shown in Figure 3.7 with an appropriate normalization, and
compared to the MC distribution. One can see in Figure 3.7 a good agreement of the MC
distribution with the theoretical prediction. Figure 3.8 shows the cos θℓt distributions with
the parton-level MC events, where θℓt is defined as the angle of the lepton momentum
from the top quark boost direction in the top quark rest frame. The cos θℓt can be written
using observables defined in the laboratory frame as
cos θℓt =
m2t Eℓ − Et (pℓ · pt)
|pt| (pℓ · pt) . (3.11)
The whole MC events are divided into four subgroups of equal size, sorted according to
size of the Lorentz factor γ of the parent top quark. The average value of γ for each
subgroup is indicated at the top of each histogram. All the four angular distributions
in Figure 3.8 exhibit a flatness independent of the top quark velocities. Thus, the two
criteria are satisfied in good accuracies.
Figure 3.9 shows the lepton energy distribution of the parton-level MC events in the
laboratory frame, which is used for D(Eℓ) in eq. (3.9). The input value of the top quark
mass is 173GeV. The distribution stretches in a wide range compared to the lepton energy
distribution in the top quark rest frame (Figure 3.7) due to the eﬀect of the top quark
boosts.
With the parton-level lepton distribution (Figure 3.9) and the weight functions pre-
pared in the previous section, we compute the weighted integrals I(m) [eq. (3.9)]. Since
the lepton energy distribution obtained from an experiment is a collection of the lepton
energies extracted from event information, the integration in eq. (3.9) is replaced by the
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Figure 3.8: Lepton angular distributions in the top quark rest frame with the MC events
at the parton level. The input value of the top quark mass is assumed to be 173GeV. The
whole MC events are divided into four subgroups according to size of the Lorentz factor
γ of the top quark in each event. The average value of γ for each subgroup is indicated
at the top of each histogram.
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Figure 3.9: Lepton energy distribution of the signal MC events at the parton level with
the top quark mass 173GeV.
sum for each event:
I(m) =
1
N
N∑
i=1
W (Eℓ,i ,m) , (3.12)
where Eℓ,i is the lepton energy in the i-th event and N is the number of events. The
resultant weighted integrals I(m) are shown in Figure 3.10, corresponding to the weight
functions of Figure 3.6. The zeros of I(m) are located around 173.7GeV. The shifts of the
zeros of I(m) from the input value of the top quark mass 173GeV are listed in Table 3.2.
Possible causes of the shift are the statistical errors in the MC simulation due to a
limited number of generated events, and the eﬀect of the top quark width which the
weight function method does not consider. The size of the MC statistical errors of the
reconstructed masses are estimated according to the following expressions. Assuming
that the number of events in each bin in the lepton energy distribution follows the Poisson
statistics, the statistical error squared (∆stat.I(m))2 of the weighted integral can be derived
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Figure 3.10: Weighted integrals I(m) with the parton-level lepton distribution and the
weight functions corresponding to n = 2, 3, 5 and 15. The input value of the top quark
mass is 173GeV.
n 2 3 5 15
∆mt (GeV) 0.68 0.71 0.74 0.62
MC stat. error (GeV) 0.35 0.37 0.40 0.48
Table 3.2: Shift ∆mt of the zero of I(m) from the input top quark mass value 173GeV
and MC statistical errors for parton-level analysis. The MC statistical errors are evaluated
using eq. (3.14).
as
(∆stat.I(m))2 =
1
N
∫
dEℓD(Eℓ;m
input
t )
[
W (Eℓ,m)−
∫
dE ′ℓD(E
′
ℓ;m
input
t )W (E
′
ℓ,m)
]2
,
(3.13)
where N is the number of events and minputt is the input value of the top quark mass.
Using the ∆stat.I(m) and the derivative of I(m) at the m = minputt , the statistical error of
the reconstructed mass is expressed by
∆stat.mt ≃ ∆stat.I(minputt )
/
dI
dm
∣∣∣∣
m=minputt
, (3.14)
in the approximation the zero of I(m) is close to the value of minputt . The resultant
statistical errors in the MC simulation are shown in Table 3.2 and are around 0.4GeV
depending on the weight function. In principle, the MC statistical errors can be suppressed
to be fairly small by generating more events and, as a consequence, spending more analysis
time.
Another cause of the shift, the eﬀect of the top quark width, is also estimated from the
following discussion. Figure 3.11 shows the top quark invariant mass distribution of the
signal MC events at the parton level in our analysis. Note that in this analysis, we use the
LO event generator MadGraph/MadEvents, where a full description of particles’ widths
is not provided and the top quark mass is simply distributed according to a Breit-Wigner
shape [83]. The tail of the Breit-Wigner distribution is cut oﬀ at mt±Γt×50, where Γt is
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Figure 3.11: Top quark invariant mass distribution of the signal events at the parton
level in the MC simulation of our analysis. The input value of the top quark mass is
173GeV.
⟨γ⟩ 1.2 1.6 2.3 5.2
∆mt (GeV) 0.30 0.64 0.93 11.9
MC stat. error (GeV) 0.33 0.66 1.62 7.19
Table 3.3: Shift ∆mt of the zero of I(m) from the input top quark mass value 173GeV
and MC statistical errors in Figure 3.12 for event subgroups with the average values
of top quark γ factors ⟨γ⟩. The input value of the top quark mass is 173GeV. The
weight function used in this analysis corresponds to n = 2. The MC statistical errors are
evaluated using eq. (3.14).
the width of the top quark. We do not consider non-resonant diagrams which might give
significant interference eﬀects. For the distribution in Figure 3.11, the peak position of the
invariant mass distribution is located around the top quark input value 173GeV, while
the mean value of the distribution is 173.34GeV. We estimate the same order of shift,
+0.34GeV, for the reconstructed mass. The size of the top quark width eﬀect +0.34GeV
is not universal but hold only for this analysis with this setup. Ultimately, we should
include eﬀects of the top-quark oﬀ-shellness and estimate the size of the eﬀects for real
experiments.
Considering the estimated MC statistical errors with the size of ∼ 0.4GeV (Table 3.2),
and the eﬀect of the top quark width +0.34GeV, the reconstructed mass (Table 3.2) is
consistent with the expectation. Therefore, we confirm that our method works within the
MC statistical errors.
We also check whether the zeros of I(m) are independent of the top quark velocity
distribution, which is a characteristic of the weight function method. We sort the whole
MC events according to size of the Lorentz factor γ of the parent top quark and divide
it into four subgroups of equal size. We construct the weighted integral I(m) for each
subgroup using its lepton energy distribution. The result is shown in Figure 3.12 for
the weight function corresponding to n = 2. Shifts of the zeros of I(m) from the input
top quark mass 173GeV are listed in Table 3.3, together with the corresponding MC
statistical errors estimated in the same way as mentioned above. The MC statistical error
becomes larger with increasing γ as the slope of I(m) becomes gentler (Figure 3.12). The
27
<Γ> = 1.6
<Γ> = 2.3
<Γ> = 5.2
<Γ> = 1.2
160 165 170 175 180 185
"3
"2
"1
0
1
2
3
m !GeV"
10
6
#
I
Figure 3.12: Top quark velocity dependence of the weighted integral I(m). The weighted
integrals I(m) are shown for four subgroups of events, sorted according to size of the top
quark γ factor. Each line is labeled with the average value of γ for each subgroup. The
weight function used in this analysis corresponds to n = 2. The input value of the top
quark mass is 173GeV.
shifts of the reconstructed masses also become larger with sizes at the same order as those
of the MC statistical errors. Thus, we confirm that the zero of I(m) remains at the true
top quark mass value independently of the top quark velocity, and the statistical error
tends to decrease for top quarks with small velocities.
3.3 Eﬀects of Various Cuts
In real experiments, detector eﬀects, event selection cuts and backgrounds deform the
lepton energy distribution. Therefore, the true value of the top quark mass cannot be
obtained as the zero of I(m) in such cases. In this section we examine eﬀects of various
event selection cuts. We make several assumptions and take specific analysis methods.
Some of these assumptions and analysis methods need to be examined carefully, since
they can be sources of systematic uncertainties. We provide further discussion on these
points in Chapter 4.
Cuts whose eﬀects are discussed in this section are as follows:
• Lepton cuts
• Missing pT cuts
• b-tagging
• Jet cuts
The eﬀect of the lepton cuts is especially serious, and we devise a method to overcome
the diﬃculty.
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Figure 3.13: Lepton energy distribution of the parton-level signal events after applying
the lepton cuts pT (µ) > 20GeV and |η(µ)| < 2.4.
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Figure 3.14: Weighted integrals I(m) with the MC events after the lepton cuts for the
weight functions corresponding to n = 2, 3, 5 and 15. The input value of the top quark
mass is 173GeV.
3.3.1 Lepton Cuts
Among experimental eﬀects such as detector eﬀects, event selection cuts and background
contributions, the major bias to the lepton energy distribution is caused by the lepton
cuts:
pT (µ) > 20GeV, |η(µ)| < 2.4 , (3.15)
where pT (µ) and η(µ) are the transverse momentum and pseudo-rapidity of a muon,
respectively. For the values of the above pT (µ) and η(µ) cuts, we refer to the LHC pT
trigger [89, 90] and the PGS default value of η cut. The eﬀect of the lepton cuts to
the lepton energy distribution can be clearly seen in Figure 3.13, which shows the signal
lepton energy distribution after imposing the lepton cuts. Comparing Figure 3.13 with
the lepton energy distribution without the lepton cuts, shown in Figure 3.9, one can see
that the lepton cuts reduce mainly the low-energy part of the lepton distribution.
This results in large shifts of the weighted integrals I(m), as shown in Figure 3.14.
Because the weight functions are negative for small Eℓ, where the lepton distribution is
largely reduced, the weighted integrals shift in the positive direction. The zeros of I(m)
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are significantly displaced from the input top mass due to these shifts of I(m).
3.3.2 A Solution to the Problem of Lepton Cuts
We solve this problem by compensating for the loss caused by the lepton cuts, using MC
events which satisfy pT (µ) < 20GeV or |η(µ)| > 2.4. This is because (1) experimental
eﬀects are well understood concerning leptons, so that the estimates of MC simulations
are accurate for the lepton distribution, and (2) the weight function method utilizes the
fact that the angular distribution of the lepton in the rest frame of the top quark is flat2.
When this condition holds, the zero of I(m) is independent of the velocity distribution of
the top quark, owing to which we do not need information on the velocity distribution.
Therefore, in order to make maximum use of the advantages of this method, we recover the
flat angular distribution of the lepton and return the zero of I(m) to the right place. The
normalization of the compensated events is determined such that the pT (µ) distribution
of the data and compensated events are connected smoothly. We can check validity of
the compensated events partly, using the di-leptonic channel, whose lepton pT cut can be
looser than the lepton+jets channel. We evaluate part of uncertainties in the compensated
events by varying the factorization scale and PDF in the MC in Section 3.5.
The eﬀects which cause diﬀerences between the lepton momenta at the parton level
and detector level such as the eﬀects of lepton isolation and photon emissions, also deform
the lepton energy distribution. Since these eﬀects are also well understood, it should be
possible in principle to estimate them and restore the parton-level lepton distributions.
We assume that the distributions are restored not event by event but for their entire distri-
butions. In this simulation analysis, we suppose for simplicity that they can be estimated
and restored completely for signal events and just use the parton-level leptons. We use
the detector-level information of each event for the lepton momenta of the background
events and jet momenta.
3.3.3 Other Cuts
Missing pT Cut
The criterion for validity of the weight function method is whether we can restore the
original shapes of the following two distributions by unfolding detector eﬀects and eﬀects
of cuts and backgrounds: the lepton energy and angular distributions in the rest frame of
the top quark. (Typical required accuracies are a few percent level.)
Cuts concerning missing transverse momentum pmissT aﬀect mainly the former distri-
bution through the following reason. In the rest frame of the top quark, the energy of a
neutrino is uniquely determined from the energy of its paired lepton neglecting the eﬀects
of the W oﬀ-shellness and at LO. Figure 3.15 shows the neutrino energy distribution in
the rest frame of the parent top quark. Assuming the W boson is on-shell,
Erestν + E
rest
ℓ =
m2t +m
2
W −m2b
2mt
(3.16)
2 To be precise, the lepton cos θℓt distribution is (almost) flat, where θℓt is measured from the boost
direction of the top quark in the rest frame of the top quark.
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Figure 3.15: Neutrino energy distribution in the rest frame of the top quark with the
MC events at the parton level. The input value of the top quark mass is assumed to be
173GeV. The corresponding theoretical prediction with the top quark mass 173GeV is
also shown as a red line. The normalization of the theoretical prediction is adjusted to
that of the MC distribution. For this figure, a small size of events are taken to use from
the whole generated events in order to save analysis time.
holds for the energies of the neutrino Erestν and lepton E
rest
ℓ in the rest frame of the top
quark. As a result, the neutrino energy distribution in the top quark rest frame takes
the form such that reversing the corresponding lepton energy distribution (Figure 3.7).
Figure 3.16 shows a density plot for the correlation between Erestν and E
rest
ℓ with the signal
MC events. A bright color corresponds to a dense part of the events in Figure 3.16. One
can see that most of the events are concentrated on a straight line. Thus, in the top quark
rest frame, high-energy leptons corresponds to low-energy neutrinos.
This tendency remains after including the eﬀects of boosts with the top quark velocity
distribution. This situation can be seen in Figure 3.17, which shows the the correlation
between the neutrino energies in the top quark rest frame and in the boosted frame. Since
the angular distribution of the neutrino in the rest frame of the top quark is flat just like
the lepton, neutrinos with an energy E restν in the top quark rest frame have a distribution
in the laboratory frame with its peak in the same position as the rest frame energy E restν ,
that is, many neutrinos tend to keep the same energy after the boosts [55]. The red line in
Figure 3.17 indicates the line of Eboostν = E
rest
ν . The peak positions of the boosted-frame
distributions are on the Eboostν = E
rest
ν line. Therefore, a high-energy lepton in the top
quark rest frame still corresponds to low-energy part of neutrino after the boosts, and
for example, dropping events with small pmissT corresponds to losing mainly a high-energy
part of lepton distribution in the top quark rest frame. For this reason, tight pmissT cuts
severely deform the lepton distribution, and thus, we do not apply cuts concerning pmissT
in this analysis.
In order to apply this method in real experiments, pmissT cuts need to be relaxed com-
pared to those used in current major analyses. We confirmed that loose cuts concerning
pmissT , for example, p
miss
T > 4GeV and Eℓ+ p
miss
T > 33GeV, are also applicable keeping the
above criterion.
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Figure 3.16: Density plot for the correlation between the neutrino energy Erestν and lepton
energy Erestℓ in the rest frame of the top quark with the signal MC events at the parton
level. A bright color corresponds to a dense part of the events. The input top quark
mass is 173GeV. For this figure, a small size of events are taken to use from the whole
generated events in order to save analysis time.
b -Tagging
Cuts using b-tagging are highly eﬀective to reduce the W+jets background. However, pT
and η dependence of the b-tagging eﬃciency causes a bias to the lepton distribution, espe-
cially to the angular distribution. One way to cope with this eﬀect is using the estimate
of the b-tagging eﬃciency ϵb(pT , η), and multiplying the lepton energy distribution by
ϵ−1b (pT , η). Although this is a simple and realistic way, it is aﬀected by the experimental
accuracy of ϵb(pT , η) and depends on the details of the actual experimental conditions.
In this simulation analysis, we apply an alternative way which causes nearly equivalent
eﬀects but more conservative results. We apply b-tagging with an eﬃciency independent
of pT and η to taggable pT > 15GeV and |η| < 2.5 b-jets, adopting the lowest eﬃciency in
the taggable region. We refer the value of the ATLAS experiment for the b-jets taggable
region [89]. This flat eﬃciency would be attainable in experiments in principle.
To simulate the flat b-tagging eﬃciency, we assume that the expectation value of the
number of b-jets within the above taggable region is Nb(n/N) for events with Nb bottom
quarks, where n and N are the numbers of jets in the taggable region and all region,
respectively3. The Nb(n/N) for each generated process is given in Table 3.4. We use the
following values for the eﬃciencies in the region pT > 15GeV and |η| < 2.5,
b-tagging eﬃciency : 40% ,
mis-tagging rate for light jets : 0.5% ,
3 This assumption is not true by 10-20%, and as a result, we underestimate the eﬃciency.
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Figure 3.17: Density plot for the correlation between the neutrino energies in the top
quark rest frame Erestν and in the laboratory frame E
boost
ν with the signal MC events at
the parton level. A bright color corresponds to a dense part of the events. The line which
satisfies Eboostν = E
rest
ν is also shown as a red line. The input top quark mass is 173GeV.
For this figure, a small size of events are taken to use from the whole generated events in
order to save analysis time.
referring to the lowest b-tagging eﬃciency in ref. [89]. We choose b-tagged events randomly
according to the probability derived from the above assumption.
Jet Cuts
Cuts concerning jets are rather insensitive to the mass reconstruction in our method,
compared to other cuts. We optimized jet pT cuts as
pT (j1) > 55, pT (j2) > 25, pT (j3) > 15, pT (j4) > 8 GeV , (3.17)
where pT (ji) is the transverse momentum of the jet with the i-th largest pT .
3.3.4 Event Selection Cuts for This Analysis
Final Event Selection Cuts
Considering the eﬀects of cuts as explained above, we impose the following event selection
cuts to the MC events:
• One muon with pT > 20GeV and |η| < 2.4 .
• At least four jets.
• At least one b-tagged jet with the b-tagging eﬃciency 0.4 independent of pT and η
in the region pT > 15GeV and |η| < 2.5 .
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Single top
Signal other tt W+jets Wbb+jets t-channel Wt s-channel
2 nN 2
n
N 0 2
n
N 1
n
N 1
n
N 2
n
N
Table 3.4: Expectation value of number of bottom quarks within the taggable region
pT > 15GeV and |η| < 2.5, assumed to simulate the b-tagging eﬃciency independent of
pT and η in the region. The n and N are the numbers of jets in the taggable region and
all region, respectively.
Signal (pb) Background (pb)
mt = 173GeV Other tt W+jets Wbb+jets Single top
Before cuts 80.7 464 174644 110 117
Lepton cuts 53.3 25.2 9842 30.9 27.7
♯ j ≥ 4 43.8 12.5 124 4.6 5.1
♯ b ≥ 1 24.2 6.6 2.7 2.4 1.7
Jet cuts
(After all the cuts) 22.4 5.7 1.8 1.8 1.3
Table 3.5: Cross sections for the signal and background events after each event selection
cut.
• pT (j1) > 55, pT (j2) > 25, pT (j3) > 15, pT (j4) > 8GeV,
where pT (ji) is the transverse momentum of the jet with the i-th largest pT . Here, we do
not regard the hadronically-decaying tau lepton as a jet.
Cut Eﬃciencies and Cross Section After Cuts
The LO cross sections for the signal and background events after each event selection
cut are summarized in Table 3.54. They are evaluated using events at the detector level.
After applying all the cuts, the dominant source of backgrounds is other tt events, which
remain with the size of about a quarter of the signal.
3.4 Top Mass Measurement
Our strategy is as follows: after all the cuts are applied, background contributions to
lepton distributions are estimated and subtracted. In addition, the eﬀects which cause
diﬀerences between lepton momenta at the parton level and detector level are estimated,
and the parton-level lepton distributions are (assumed to be) restored for the signal events.
After these procedures, the following top quark mass reconstruction is performed. Let us
first perform the analysis with only the signal events after the cuts. Later we consider
eﬀects of background events.
For the events after all the cuts, we compensate the loss caused by the lepton cuts using
MC events at the parton level, as mentioned in the previous section. To determine the
4We do not apply corrections due to K-factors.
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Figure 3.18: Sum of the lepton pT distributions of the compensated events normalized
using a χ2-fit (dark purple) and the events after all the cuts (light pink). The fitted
function is also shown as a red line.
normalization of the compensated events, we perform a χ2-fit to the pT (ℓ) distribution so
that the pT (ℓ) distributions of the data and compensated events are connected smoothly
around pT (ℓ) = 20GeV. The setup of the χ2-fit is as follows. We choose the range of
pT (ℓ) for the fit to be [17, 30]GeV with the binwidth of 1GeV. We take a narrower range
below 20GeV because the number of the compensated events in each bin below 20GeV
is large compared to that of the data (which is above 20GeV), and it is desirable that
the fit does not depend strongly on the MC part, but on the data part. The numbers of
events in these bins are fitted to a quartic function, together with the normalization of
the compensated events taken as a free parameter.
The validity of the fit was partly checked using 103 toy MC samples generated for
both the compensated part and data part. We used simple functions fitted to the lepton
pT distributions as “true” distributions for simplicity. We repeated the χ2-fit for all of
the samples. In addition, using the toy MC results, we estimate a statistical error of the
normalization in this simulation analysis.
Ideally, a large number of the compensated events can result in a small MC statistical
error originating from the compensated part. In this analysis, however, we generate
about (17-18) × 105 events for the compensated part, which correspond to the amount
of data with about 100 fb−1, and the MC statistical error from the compensated part is
not negligible. On the other hand, in analyses of real experiments, we expect that 10-100
times the size of real data can be generated for the compensated part. In this case, MC
statistical errors from the compensated part can be insignificant.
To illustrate this fitting method, Figure 3.18 shows the sum of the lepton pT distribu-
tions of the compensated events normalized by the above method (dark purple) and the
events after all the cuts (light pink). The fitted function is also shown as a red line. The
value of the top quark mass of the compensated MC events need to be assumed and we
call this mct . Both input value of the top quark mass and m
c
t are taken to be 173GeV in
this figure.
We check the two criteria for applying the method mentioned in the beginning of
Section 3.2: validity of the lepton energy and angular distributions in the top quark rest
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Figure 3.19: Lepton energy distribution in the top quark rest frame for the sum of the
compensated events with the appropriate normalization and the events after all the cuts.
The theoretical prediction D0(Eℓ,m) of the lepton energy distribution in the top quark
rest frame is also shown as a red line with the top quark mass m = 173GeV. The
normalization of the theoretical prediction is adjusted to that of the MC distribution.
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Figure 3.20: Lepton angular distributions in the top quark rest frame for the sum of the
compensated events with the appropriate normalization and the events after all the cuts.
The whole events are divided into four subgroups according to size of the Lorentz factor
γ of the top quark in each event. The average value of γ for each subgroup is indicated
at the top of each histogram.
frame. Figure 3.19 shows the lepton energy distribution in the top quark rest frame for
the sum of the compensated events with the appropriate normalization and the events
after all the cuts. The theoretical prediction D0(Eℓ,m) of the lepton energy distribution
in the top quark rest frame is also shown as a red line with the top quark mass m =
173GeV. Figure 3.20 shows the cos θℓt distributions for the same MC events including
the compensated events. The whole events are divided into four subgroups of equal size,
sorted according to size of the Lorentz factor γ of the top quark. The average value of γ
for each subgroup is indicated at the top of each histogram. Comparing Figure 3.19 and
Figure 3.20 with the parton-level results in Figure 3.7 and Figure 3.8, we observe small
distortions by the cuts.
The lepton energy distribution used for construction of I(m) is shown in Figure 3.21
as a sum of the distributions of the compensated events (dark purple) and the events after
all the cuts (light pink). In this figure, the top quark mass in the compensated events mct
is taken to be the same value as the input top quark mass 173GeV.
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Figure 3.21: Sum of the lepton energy distributions of the compensated events normalized
using a χ2-fit (dark purple) and the events after all the cuts (light pink) with the input
top quark mass of 173GeV.
We construct the weighted integrals I(m), using the lepton energy distributions of the
events after all the cuts with the input top quark mass 173GeV and the compensated
events with various mct . Figure 3.22 shows the weighted integrals I(m). In this plot, we
use the weight function corresponding to n = 2. Although mct vary from 167 to 179GeV,
the variation of the zero of I(m) is much less.
From the zeros of I(m), we can reconstruct the top quark mass in the following
manner: if mct is equal to the input mass, the zero of I(m) (denoted as m0) should be
mct . In contrast, if m
c
t is diﬀerent from the input mass, there is no guarantee that m0
equals mct and it is expected to be diﬀerent from m
c
t . Therefore, we obtain the value
of mct where m0 coincides with m
c
t as the reconstructed mass: m
rec
t = m
c
t (m0 = m
c
t).
Figure 3.23 shows m0 −mct as a function of mct . The fitted linear function is also shown.
The zero of the fitted function is at 174.1GeV. The error bars correspond to the estimated
statistical errors of the MC simulation obtained from evaluation of the normalization of
the compensated part. They include errors from both the compensated part and data
part. Consequently the MC statistical error for the reconstructed top quark mass is
+1.0/−1.1GeV for the weight function of n = 2, and the shift expected from the eﬀect
of the top width is +0.34GeV. Thus, the size of the shift +1.1GeV from the input top
quark mass is consistent with their eﬀects.
We perform the same top mass reconstruction as stated above for various input values
of the top quark mass and various weight functions. The obtained results are shown in
Figure 3.24. The vertical axis is the reconstructed top quark mass obtained with this
method and the horizontal axis is the input top quark mass of the events. The blue line
shows the line where the reconstructed mass is equal to the input mass, i.e. the ideal
measurement. The values of the results for the weight function corresponding to n = 2
are also shown in Table 3.6. Considering the eﬀects of the top width on the measured
masses, whose sizes are +0.3 to +0.4GeV depending on the top quark mass, and the MC
statistical errors, the reconstructed masses are consistent with the input masses.
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Figure 3.22: Weighted integrals I(m) with various mct after all the cuts. The weight
functions used correspond to n = 2, 3, 5 and 15. The input value of the top quark mass
is 173GeV.
3.5 Sensitivity of Mass Determination
We estimate uncertainties from several sources in the top mass reconstruction. Besides
signal and background statistical errors, we estimate uncertainties originating from the
dependences on the factorization scale, PDF and jet energy scale (JES). Since we use MC
simulations for the compensated events in this method, the factorization scale and PDF
uncertainties in the MC can be serious. In addition, the JES uncertainty is one of the
largest uncertainties in the conventional direct measurements of the top quark mass [12].
Signal Statistical Error
Table 3.7 shows the results of the estimates. The input value of the top quark mass in
these estimates is 173GeV. The signal statistical errors are estimated as follows: we divide
the generated events into 15, 20, 50 and 100 subgroups of equal sizes and perform the
same top mass reconstruction as explained in this section for each sample. Results of the
fits to determine the normalization of the compensated events depend on the number of
events in each sample. Thus, the statistical errors obtained from the standard deviations
of reconstructed mass distributions depend on the number of the division. We extrapolate
statistical errors at the number of events for 100 fb−1 from the results of these subgroups
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Figure 3.23: The zero of I(m), m0, minus mct as a function of m
c
t (red points). The error
bars correspond to the estimated statistical errors of the MC simulation. The weight
functions used correspond to n = 2, 3, 5 and 15. The input value of the top quark mass
is 173GeV. The blue line shows the linear function fitted to the red data points.
(see Figure 3.25). Assuming that the errors of the electron mode is the same as the
muon mode, we estimate the statistical error of the sum of lepton+jets events, i.e. the
combination of the muon and electron modes.
Factorization Scale Dependence
The uncertainties from the factorization scale dependence of the signal events are esti-
mated by changing the scale in the compensated MC events by 1/2 and 2.
PDF Uncertainties
The errors from the PDF uncertainties are estimated using diﬀerent sets of PDFs, MSTW2008 [86]
and NNPDF2.1 [87], for the compensated events.
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Figure 3.24: Reconstructed top quark mass as a function of the input mass. The weight
functions used correspond to n = 2, 3, 5 and 15. The blue line shows the line where the
reconstructed mass is equal to the input mass.
Input top mass(GeV) 167 170 173 176 179
n = 2 167.1 170.6 174.1 175.7 179.9
3 166.7 170.4 174.0 175.6 179.7
5 166.1 170.2 173.9 175.4 179.6
15 165.6 170.1 173.8 175.3 179.6
Table 3.6: Reconstructed top quark masses for each input top quark mass (GeV). The
weight functions used correspond to n = 2, 3, 5 and 15.
Jet Energy Scale (JES)
The uncertainties associated with JES are estimated by varying the pT of all jets in events
by ±10% before the event selection cuts5.
Background Statistical Error
The background statistical errors are estimated as follows. Since other tt events are the
dominant source of backgrounds after the cuts, we focus on their eﬀects. We obtain about
6×104 MC events after the cuts. The lepton energy-pT distribution is modeled by a simple
function imitating these events. Using this function, we generate a few tens MC samples
of the lepton distribution for background events. We add to the signal events each of these
samples and subtract an “estimated” lepton distribution, which is constructed from the
modeling function. With these sets of signal-plus-background-errors, we simulate top mass
reconstruction in our method and compute the standard deviations of the reconstructed
top quark mass6. After rescaling according to square-root of the number of events, we
5 Since in the event selection cuts we choose b-tagged events randomly according to their probabilities,
this cut involves statistical error. In order to obtain the uncertainties purely from JES without the
statistical error, the requirement of a b-tagging is excluded from the event selection cuts in this estimation.
6 The numbers of signal and background events in each set correspond to about 10 fb−1 integrated
luminosity. Only in this analysis of the background eﬀects we use a smaller number of signal MC events
(as compared to other analyses in this section) to save analysis time.
40
n = 2
n = 3
n = 5
n = 15
1 2 5 10 20 50 100 200
0.6
0.8
1.0
1.2
1.4
NDiv
!
St
at
.
m
t
at
10
0
fb
"
1
Figure 3.25: Estimation of the signal statistical errors. We extrapolate statistical errors
at the number of events for 100 fb−1 from the results of subgroups with the number of the
division NDiv, into which we divide the whole generated signal events.
obtain for 100 fb−1 integrated luminosity the estimates listed in Table 3.7.
Background Normalization
In addition, we estimate shifts of the reconstructed top mass in the case that we mistake
by 5% the normalization of the estimated background contribution, which we subtract
from the measured lepton distribution7. If we do this naively, we find that the shifts are
about 1.5-2GeV for n = 2, 3, 5 and 15. However, we also find that the size of the shifts
depends strongly on the setup of the fitting for the determination of the normalization
of the compensated events. This is because the shapes of pT (ℓ) and Eℓ distributions are
diﬀerent between the signal and background. Compared to the signal, these distributions
of the other tt background show sharp declines in high-energy regions. If we take into
account these general features to choose the range and the function for the fit, the shifts
can be kept as moderate as 0.6-0.8GeV (depending on n).
One can see in Table 3.7 that the uncertainties from the factorization scale dependence
dominate. The JES uncertainties are relatively small, reflecting the characteristics of
our method which uses solely the lepton distribution. Combining the uncertainties in
Table 3.7, the total uncertainty amounts to about 1.7GeV for n = 2.
7 Note that the major background is other tt events whose production process is the same as that of
the signal, and therefore, the 5% mistake of the ratio of the normalization is rather conservative.
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n
2 3 5 15
Signal stat. error 0.4 0.5 0.5 0.6
Fac. scale (signal)
+1.5 +1.4 +1.4 +1.4
−1.4 −1.3 −1.2 −1.2
PDF (signal) 0.6 0.8 1.1 1.4
Jet energy scale (signal)
+0.2 +0.3 +0.4 +0.5
−0.0 −0.2 −0.4 −0.5
Background stat. error 0.4 0.4 0.4 0.4
Table 3.7: Estimates of uncertainties in GeV from several sources in the top mass
reconstruction. The weight functions used correspond to n = 2, 3, 5 and 15. The input
value of the top quark mass used in the estimates is 173GeV. The signal statistical errors
correspond to those with an integrated luminosity of 100 fb−1 and for the sum of the
lepton(e, µ)+jets events. The background statistical errors are also for 100 fb−1.
42
Chapter 4
Discussion
The important point in our method is how accurately the parton-level signal distributions
of leptons can be restored from events after all the cuts and with backgrounds. In this con-
text, we discuss validity, other sources of uncertainties and possibilities of improvements
of our method.
We have assumed that the eﬀects of lepton isolation and photon emissions can be
evaluated and restored completely in this analysis. Since the lepton isolation eﬀects on
the lepton energy distribution is a function of the isolation cone angle, we expect that
experimental data can be extrapolated to the zero cone angle and an estimate can be
obtained. On the other hand, we can include the eﬀect of photon emissions in the weight
functions by calculating the lepton distribution with the eﬀect.
In order to overcome the problem of the lepton cuts, we compensate for the loss using
MC events. We can also include the eﬀects of lepton isolation in the compensating method
in the same way as the eﬀects of the lepton cuts: by compensating for the loss caused by
the lepton isolation eﬀects.
The analysis in the previous section shows that I(m) does not depend strongly on
the top quark mass mct of the compensated events. This good feature is partly due to
the way of determining the normalization of the compensated events. Our strategy is to
smoothly connect the lepton pT distribution, without detailed knowledge on the global
shape of the distribution, which depends on PDFs. Owing to this, the normalization of
the compensated events is subject to that of the data. If instead we utilize the total cross
section to determine the normalization, we do not obtain this good feature of I(m).
Quality of the fit to determine the normalization of the compensated events is a
crucial factor in our method. In this first analysis we assumed a rather simple fitting
function (arbitrary quartic polynomial) and also we did not apply any correction to the pT
distribution shape, after including all the cuts. Because of this simplified analysis, we find
that the quality of the present fit is not optimal. The statistical errors in Table 3.7 include
this eﬀect. In a more elaborate analysis, we can estimate the (small) correction to the pT
distribution caused by the cuts and also improve on the fitting function. Alternatively it
may be useful to raise the value of the lepton pT cut, since the other cuts tend to deform
the lepton pT distribution more at lower pT .
One may wonder if the same results can be obtained without compensating MC events.
In principle if we fit the lepton distributions to MC predictions using a multi-variate
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analysis, we would be able to obtain the same result. While this is in principle possible, up
to now we have not achieved to develop a pragmatic method, partly due to the complexity
of such a method. Even if this is achieved, it would be quite non-trivial to disentangle
diﬀerent sources of systematic uncertainties clearly. On the other hand, an advantage of
our method is that diﬀerent sources of systematic uncertainties are under relatively good
control.
The background estimates can be done either by a side-band method or using MC. In
the side-band method, we should take into account extrapolation errors in addition to the
statistical errors. In the case of using MC, errors of MC predictions should be considered.
The main background events after the cuts come from tt events in which W bosons decay
into µντν, µνeν and τνjj. Since these decays can be predicted accurately, we expect that
we can evaluate contributions of background events with a good accuracy. Furthermore,
the µντν and µνeν decay modes can be included in the signal events in principle. Besides,
we can regard the decay process of the top quark where a muon is emitted via τ decay as
a signal process. In this case we include the contribution of the muon energy distribution
of this process in the rest frame of the top quark into the weight functions.
We have made a separate study for the eﬀects of b-tagging. In Section 3.3, we have
simulated assigning b-jets randomly from all the jets. Instead we have changed the default
b-tagging eﬃciency in PGS to the flat b-tagging eﬃciency ϵb = 0.4 in the region pT >
15GeV and |η| < 2.4. We have performed the same analysis as in Section 3.4 for the
case of the input top quark mass of 173GeV and with a (smaller) MC event sample of
1.5× 106 events and compared the two b-tagging simulations. We find that the results of
the top mass reconstruction are consistent in both simulations of b-tagging within the MC
statistical errors of about 1GeV. Nevertheless, eﬀects of b-tagging would depend crucially
on the details of the actual experimental conditions, and their detailed study is requisite.
With our estimates, the uncertainties associated with the factorization scale depen-
dence in the compensated events are the main source of uncertainties in the LO analysis.
By including higher-order corrections into the production process of the top quark, we
expect that these uncertainties would be reduced considerably. In addition, including
higher-order corrections into the decay process of the top quark in the weight functions,
and also MC simulation if we compensate events, we can measure the MS mass of the top
quark with this method. Since there are shifts due to the eﬀects of the top quark width
with the size of 0.3-0.4GeV, it is also important to include the eﬀects of oﬀ-shellness of
top quarks. These studies of higher-order corrections and oﬀ-shellness of top quarks are
beyond the scope of this paper and left as subjects of our future works.
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Chapter 5
Conclusions
We proposed a new method to measure a theoretically well-defined top quark mass at
the LHC, utilizing the “weight function method.” This method requires the lepton energy
distribution in the laboratory frame as an observable. In an ideal limit, where the narrow-
width approximation of the top quark is valid and eﬀects of detector acceptance, event
selection cuts and background contributions can be neglected, this method has a boost-
invariant characteristic concerning the top quark. Due to this characteristic, we need only
the prediction of the lepton energy distribution in the rest frame of the top quark, which
can be calculated in perturbative QCD. Therefore, we can compare the observable with
the perturbative QCD prediction irrespective of hadronization models and PDFs.
There are deviations from the above ideal limit. In this paper, we concentrated on
deviations due to experimental aspects, that is, the eﬀects of detector acceptance, event
selection cuts and background contributions. Taking into account these eﬀects, we per-
formed a MC simulation study using tt production and lepton+jets decay channel at LO.
We found that although the eﬀects of the lepton cuts are most serious, this diﬃculty
can be overcome by compensating for the loss caused by the cuts using MC events. We
estimated the signal statistical error for the top quark mass to be 0.4GeV corresponding
to an integrated luminosity of 100 fb−1 at
√
s = 14TeV. We also estimated uncertainties
due to factorization scale dependence and PDF uncertainties in the compensated events,
JES dependence and background statistical fluctuation. Among these, the error due to
the factorization scale dependence, which amounts to about 1.5GeV, dominates. Nev-
ertheless, we expect that this error is reduced if we include the NLO corrections to the
top quark production processes in the MC simulation. We checked that the uncertainties
from JES are suppressed, reflecting the feature of our method using the lepton observ-
able. Thus, our method diﬀers qualitatively from those which use jet momenta as the
primary information in the top quark mass determination. We discussed other sources of
systematic uncertainties (b-tagging, lepton isolation eﬀects, quality of fits in our method,
errors in background estimation, etc.) in Chapter 4. In conclusion, we estimate that
various systematic uncertainties can be suﬃciently tamed in our method. It is, however,
imperative toward a realistic top quark mass determination to incorporate in the analysis
the details of the actual experimental conditions at the LHC. In this respect, an analysis
in collaboration with experimentalists would be desirable in the future.
Taking into account theoretical corrections to the ideal limit will be subjects of our
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future works. Important corrections are the NLO and NNLO corrections to the top quark
decay processes in perturbative QCD [91, 92, 93] and the eﬀects of the oﬀ-shellness of the
top quark. As a consequence of the boost-invariant nature, this method has the advantage
that only the higher-order QCD corrections concerning the decay process of the top quark
are primarily required. By including these corrections in weight functions, the MS mass
of the top quark can be determined. Since we use MC events in the compensating method
which we devised to overcome the problem of the lepton cuts, we should include also in
the MC simulation the corrections to the leptonic decay.
We point out that this method can be applied to the di-leptonic channel as well.
Although this channel has a smaller cross section than the lepton+jets channel, it is clean
and (in principle) a lower lepton pT cut can be applied. Thus, the di-leptonic channel is
also worth investigating.
At present a precise measurement of the top quark MS mass at the LHC is highly
demanded but regarded as quite challenging. We hope that our present study provides a
useful basis in this direction.
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Appendix A
Derivation of Lepton Energy
Distribution in Top Decay
In this appendix, we derive the LO lepton energy distribution in the rest frame of the top
quark, which is used for construction of the weight function in our mass reconstruction
method. The derivation is performed with the W boson width and the bottom quark
mass considered.
The invariant matrix element M for the top quark leptonic decay t → bW → bℓν is
computed using its Feynman diagram as
iM = uν ig
2
√
2
γµ(1− γ5)vℓ · −i
p2W −M2W + iMWΓW
(
gµν − p
µ
Wp
ν
W
M2W
)
· ub ig
2
√
2
γν(1− γ5)ut .
(A.1)
Neglecting masses of ℓ and ν, we obtain
M = g
2
8
1
p2W −M2W + iMWΓW
[uνγµ(1− γ5)vℓ] [ubγµ(1− γ5)ut] . (A.2)
Summing all the spins of the final-state particles gives∑
sν ,sℓ,sb
|M|2 = 2g
4
(p2W −M2W )2 +M2WΓ2W
(pν · pb){pℓ · (pt −mtst)} . (A.3)
Using eq. (A.3), the diﬀerential decay rate dΓ takes the form of
dΓ =
1
2p0t
∑
|M|2(2π)4δ4(pt − pb − pW ) d
3pb
(2π)32p0b
d3pℓ
(2π)32p0ℓ
d3pν
(2π)32p0ν
=
2g4
2p0t
∫ ∞
0
dµ2
2π
1
(µ2 −M2W )2 +M2WΓ2W
(pν · pb){pℓ · (pt −mtst)}
×(2π)4δ(µ2 − p2W )(2π)4δ4(pt − pb − pW )(2π)4δ4(pW − pℓ − pν)
×d
4pW
(2π)4
d3pb
(2π)32p0b
d3pℓ
(2π)32p0ℓ
d3pν
(2π)32p0ν
. (A.4)
We can rewrite eq. (A.4) in terms of the two-body phase space defined as
dΦ2(X → Y Z) ≡ (2π)4δ4(pX − pY − pZ) d
3pY
(2π)32p0Y
d3pZ
(2π)32p0Z
. (A.5)
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The obtained expression is
dΓ =
2g4
2p0t
∫ ∞
0
dµ2
2π
1
(µ2 −M2W )2 +M2WΓ2W
(pν ·pb){pℓ·(pt−mtst)}dΦ2(t→ bW )dΦ2(W → ℓν)
(A.6)
Performing integrations over phase spaces, we have the lepton energy distribution
dΓ
dEℓ
=
2g4
2mt
1
8(2π)2
Eℓ
(
m2t −m2b
2
−mtEℓ
)
θ (0 ≤ Eℓ ≤ Emax) Iµ2(Eℓ) (A.7)
with
Iµ2(Eℓ) ≡
∫ µ2max
0
dµ2
2π
1
(µ2 −m2W )2 +m2WΓ2W
=
1
2π
1
mWΓW
[
arctan
(
mW
ΓW
)
− arctan
(
m2W − µ2max
mWΓW
)]
, (A.8)
where Emax and µ2max are
Emax ≡ m
2 −m2b
2m
, (A.9)
µ2max ≡
2Eℓ(m2 −m2b − 2mEℓ)
m− 2Eℓ , (A.10)
respectively.
As a result, at LO, the lepton energy distribution in the rest frame of the top quark
is given by
dΓ
dEℓ
=
g4
8(2π)3mWΓW
Eℓ
{
m
2
(
1− m
2
b
m2
)
− Eℓ
}
×
{
arctan
(
mW
ΓW
)
− arctan
(
m2W − µ2max
mWΓW
)}
× θ( 0 < Eℓ < Emax ) . (A.11)
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